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This article considers robust model predictive control (MPC) schemes for linear parameter varying (LPV) systems
in which the time-varying parameter is assumed to be measured online and exploited for feedback. A closed-loop
MPC with a parameter-dependent control law is proposed first. The parameter-dependent control law reduces
conservativeness of the existing results with a static control law at the cost of higher computational burden.
Furthermore, an MPC scheme with prediction horizon ‘1’ is proposed to deal with the case of asymmetric
constraints. Both approaches guarantee recursive feasibility and closed-loop stability if the considered
optimisation problem is feasible at the initial time instant.

Keywords: model predictive control; linear parameter varying systems; prediction horizon ‘1’
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1. Introduction

Model predictive control (MPC) or receding horizon
control is a class of optimisation-based control
methods in which a control sequence is determined
by optimising a finite horizon cost at each sampling
instant, based on an explicit process model and state
measurements. The first control action of the optimal
sequence is applied to the plant. At the next sampling
instant, the optimisation problem is solved again with
new measurements, and the control input is updated.
Due to its ability to handle constraints on inputs and
states, the method has received much interest in both
academic community and industrial society over the
last 30 years (see, e.g. Mayne, Rawlings, Rao, and
Scokaert 2000; Qin and Badgwell 2003).

Linear parameter varying (LPV) systems are linear
systems whose dynamics depend on time-varying
parameters, which take their values in pre-specified
sets. Usually, it is assumed that the parameters can be
measured. The analysis and synthesis of LPV systems
play an important role in control theory and application
since both nonlinear systems and linear systems with
model uncertainties can be dealt within the framework
of LPV systems (Lim 1999; Scherer 2001). Predictive
control of linear uncertain systems has been proposed
based on the concept of ellipsoidal invariant sets
(Kothare, Balakrishnan, and Morari 1996). A state-
feedback control law is designed online which minimises
an upper bound on the ‘worst-case’ infinite horizon

objective function, while at the same time keeping the
system state inside an invariant feasible set. The
approach (Kothare et al. 1996) is a suitable choice as
MPC controllers for LPV systems since they robustly
stabilise an LPV system for all possible parameter
variations. However, it has not explicitly been devel-
oped for LPV systems and therefore suffer from rather
conservative linear matrix inequality (LMI) conditions
that have to be satisfied. Many results in the literature
represent extensions of Kothare et al. (1996), for
example, schemes with enlarged feasible region and
reduced computational burden have been developed.
Using parameter-dependent Lyapunov functions,
(Cuzzola, Geromel, and Morari 2002; Lee and Won
2006; Wada, Saito, and Saeki 2006) propose procedures
which do not require the quadratic stabilisability of the
given system. An improved approach is proposed in
Kouvaritakis, Rossiter, and Schuurmans 2000 which
deploys a fixed state-feedback law with perturbations.
The algorithm requires a modest amount of online
computation and introduces extra degree of freedom to
enlarge the volume of the relevant invariant set. The
controllers suggested in Lu and Arkun (2000) and Park
and Jeong (2004) are restricted to LPV systems with
bounded rates of parameter variation. Those
approaches are not applicable to the case considered
in this article where we assume that the parameters may
vary arbitrarily within a given set. The approach
presented in Lu and Arkun (2000) assumes the
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parameter to be measurable in real-time. This knowl-
edge on the parameter allows to obtain in the first step
an exact prediction of the future system behaviour and
therefore reduced conservatism. In the MPC controllers
proposed in Lee and Won (2006) and Lee, Park, Ji, and
Won (2007), the control law is independent of the
system parameter. Similar to Kothare et al. (1996),
those approaches robustly stabilise the considered LPV
system. Thus, if the parameter is measurable, this
knowledge cannot be exploited. We will show in this
article that the incorporation of the parameter measure-
ment in the control law may reduce conservatism and
improve the controller performance. A solution invol-
ving the parameter measurement in the controller
design is suggested in Casavola, Famulare, and
Franzé (2002). However, this approach relies on
conservative LMI conditions. As will be shown, those
conditions can be relaxed using the results presented in
Gao (2006) and Yu, Chen, Bohm, and Allgéwer (2009).
Robust receding horizon control schemes are proposed
in Park, Lee, and Kwon (1999) and Ding, Xi, and Li
(2004) which are based on the minimisation of the
worst-case stage cost with a finite terminal penalty
function. However, it should be noted that only
symmetric box constraints are considered in the
aforementioned works which restrict the potential
application of the proposed schemes.

In this article, we discuss MPC schemes for LPV
systems with output constraints. First, we propose a
closed-loop MPC scheme for LPV systems with a
parameter-dependent control law. Compared with the
result proposed in Kothare et al. (1996), the parameter-
dependent control law reduces the conservativeness of
the optimisation problem. Then, we propose an MPC
scheme with prediction horizon ‘1’ for LPV systems
with possibly asymmetric constraints. If the system has
symmetric box constraints, the optimisation problem
of MPC with prediction horizon ‘1’ can be formulated
as a semi-definite programme involving LMIs.
Recursive feasibility of the optimisation problems
and stability of the closed-loop system are guaranteed
for both the proposed schemes. We highlight that the
LMIs developed in the closed-loop MPC with a
parameter-dependent control law can also be used to
solve the terminal control law of MPC with prediction
horizon ‘1’ since the fictitious control law is not applied
to the considered systems at all.

This article is organised as follows. Section 2
introduces the class of LPV systems and presents
the considered setup. Section 3 discusses a closed-
loop MPC of LPV systems with symmetric box
constraints. Section 4 proposes MPC with prediction
horizon ‘1’ for LPV systems with possibly asymmetric
constraints. Numerical examples to illustrate the

effectiveness of the proposed algorithm are given in
Section 5.

Notation: The following notation is used throughout
this article. Let R and Z denote the field of real
number, the set of integer numbers, R” denotes the
n-dimensional Euclidean space. The notations Zj, .,
and Zj, ., denote the sets {keZ]|c;<k<c,} and
{keZ|c;<k<cy). Suppose that MeR™ M"
denotes the transpose of M and o(M) denotes the
largest singular value of matrix M. [, denotes the
m x m identity matrix, and * denotes the correspond-
ing symmetric block in symmetric matrices.

2. LPV systems

Consider discrete-time LPV systems of the form

X1 = ABr)xx + BOr)uy, (la)

Vi = COk)xy + D(Or)ug, (1b)
subject to the constraints
Yk €H, (2

where x; € R™ denotes the state, u; € R™ the control
input and y; € R™ the performance output. The
output y, cannot necessarily be measured. The
compact set H contains the origin in its interior.
If the constraints are in a symmetric box, we can write
them in an element-wise fashion as

—Vmmax = Vmk = Vmmax> M E Z[l,l‘l}-]a (3)

where Ymax = [Vimaxs - - - » yn”max]T is a given constant
vector of compatible size.

The system matrices 4(6;) € R™*"™, B(6)) € R™*",
C(0) € R and D(6;) € R"*"™ are assumed to
depend linearly on the parameter vector 0y :=[6;,
O ks - - .,HN,k]Te RY, which belongs to a convex poly-
tope P defined by

P = {er[RN

N
Zej,k =1, Ok = 0}~ “)

J=1

N is the number of matrix vertices. Clearly, as 6, varies
inside the convex polytope P, the matrices of the
system (1) vary inside a corresponding polytope W,
which is defined by the convex hull of N local matrix
vertices [4;, B;, C;, D}, i € Z1 ny,

e olle mlle ol
Vv := Co , 5o .
C1 D1 Cz Dz CN DN
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Therefore, we can write the matrices of the system (1) as

N N
A(Ok) = Zej,kAja B(Ok) = Zej,kBja
= =
N N ®)
CO) =Y _0xCp, DO) =Y 6D,
=1 =

2.1 Control task and problem setup

The control task is to stabilise the origin of the
system (1) with an MPC law such that the constraints (2)
are satisfied. To distinguish actual state and predicted
trajectories, in what follows the index k+ i/k denotes
future values at time k 4 i predicted at time k, i € Zjy o).

In this article, we first consider an infinite horizon
optimisation problem.

Problem 1: Let Q € R™ and R € R™*" be positive
definite weighting matrices. Consider the system (1)—(2).
For a given initial state xz, find a control law ;=
k(X+i/%) such that the infinite horizon cost functional

0
Joo/k(xk) - GAT/%ZP;lxk+i/kQXk+l/k + Uk+i/kR”k+1/k}
(6)

is minimised with respect to the time-varying param-
eter Ory;r and the output constraints (2) at each
sampling instant k, based on a prediction of the system
behaviour into the future, and xy . 1= Xj.

Assume that no mismatch exists between the model
and the plant, and that both the parameter vector 6
and the state x; are measured in real-time. Thus, at
every sampling time k the current system matrices

|:A(9k/k) B(Gk/k):|
COksr)  D(Oyr)

are known exactly but the future system matrices

|:A(9k+i/k) B(Orisk) ]
COkvi)  D(Orisr)

are uncertain, since we cannot know exactly the future
behaviour of the system parameter 6y, [€Zj o).
Notice that they vary inside the polytope W. Therefore,
in the cost functional (6) the worst case over all
possible future parameters has to be considered.

3. Closed-loop MPC with a parameter-dependent
control law for LPV systems

In this section, we propose a new MPC law for the

system (1) subject to the symmetric box constraints (3)

by using a parameter-dependent state feedback control
law, which is obtained via the solution of a convex
optimisation problem. The obtained LMI conditions
provide more degrees of freedom in the controller
design compared with the scheme which has a static
feedback control law.

Consider a linear parameter-dependent state feed-
back control law

ur = K(0k)xp, (7

which is updated at each sampling instant via the
minimisation of an upper bound on the cost func-
tional (6). Suppose that K; € R"™*" is a time-invariant
feedback gain associated with the j-th vertex system.
A suitable parameter-dependent feedback law for the
whole LPV system is obtained via the weighted average
of the control laws designed for each vertex

N
KO =) 6xK;. ®)
j=1

For the system (1), using the controller (7)—(8), we
obtain the closed-loop representation
X1 = Ae(Ok)xr

9
2k = Co(Or)xk, ©

where

N N
Ac(O) =YD " 0i4bix(A; + BiK;) and
i

Co(br) = Z

i=1 j=1

0ix0;x(Ci + DK;).

3.1 Upper bound on the cost functional

The solution to the following optimisation problem
provides an upper bound of the cost functional (6) at
time instant k, as will be shown in Theorem 1.

Problem 2: At time k, measure the state x; and the
parameter vector 6y, consider the optimisation problem

Vi XAIrll/lerll I}B{SC Y Ve (loa)
subject to
T 10b
|: 1 xk:| >0, (10b)
X Xk
N N
Z Z9i,k+v|k9/,k+v|kLg/ >0, veZpu), (10c)
i=1 j=1

Z Okt Fijm = 0, m € Zppyy,  (10d)
=1 =1
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with the matrices

B Xk * * *
I A X + B; Yj,k X * *
e Q%Xk 0 wl x ’
RV 0 0 wl
_y%mnax e;{;(CiXk + Di Yj,/c) i|
Fg‘/’,m = ,
L * Xk

and e, :=[0,...,0,1,0,...,0]" e R™ with its m-th
element ‘1’ and the other elements ‘0 .

As discussed in Section 2, the parameter vector 0
is known, and the future vector Ox ik, i € Z1 o), varies
inside a convex polytope P.

Remark 3.1: Note that for simplicity of notation we
have skipped the index & in the matrices L; and Fj;,.
It is clear from the definition of those matrices that
they change with k since they depend on X and Y.

The following theorem derives conditions to obtain
an upper bound on the cost functional (6) using the
system description (9) and Problem 2.

Theorem 1: Suppose that there exist a symmetric,
positive  definite  matrix X € R™" matrices
Yjr € R, jeZy ny, and a constant y, >0 such that
Problem 2 at time instant k has a feasible solution for all
Okvik € Py v € Z}1 o0y, Where Xy is the measured system
state at the sampling instant k. Then, with P, = y; X",
Kji = Yj,kX,:l, JE€Zy ny, and the parameter-dependent
control law

Uy viie = KOkt ) Xhetvis (11)
where K(6jqvk) = Z;il Oj kv Kk, the following holds:

(1) The predicted states Xy, With Xy =Xj con-
verge to the origin as v — o0.

(2) The expression Vi = x] Prxy is minimised and
represents an upper bound on the cost func-
tional (6) at the sampling instant k.

(3) The constraints (3) are satisfied for all v € Zjp o).

Remark 3.2: The solution to Problem 2 is a feasible
solution to Problem 1, and the term y, of Equation (10a)
is an upper bound on the cost functional (6).

3.2 Optimisation problem and properties

Theorem 1 gives conditions for the minimisation of an
upper bound on the infinite horizon cost functional (6).
However, the matrix inequalities (10c) and (10d)
depend on the unknown future parameter 6y, for
all veZ; ). This makes it impossible to find a

solution to Problem 2. To deal with the difficulty, we
introduce the following lemma.

Lemma 1 (Kim and Lee 2000): If there exist matrices
Aj= A;, i, J€ Zp ny, such that the LMIs

Ui > Ay (12a)
Ly + T = Ay + A, (12b)
[Ajlyey =0, J<i, (12¢)
are satisfied, where
All te AlN
[Ajlvv=1 + . | (13)
Ant - Ann

then, with «a;>0 and Zfil a; =1, the parameter-
dependent matrix inequalities

N N
DY iy =0 (14)

=1 j=1
are satisfied.

We observe that Lemma 1 reformulates the
parameter-dependent matrix inequality (14) as a set
of LMI conditions (12). In virtue of this result, we
introduce an infinite horizon MPC scheme for LPV
systems subject to constraints by applying Lemma 1 to
Equations (10c)—(10d).

We consider the following optimisation problem
which can be treated as a convex optimisation problem
with respect to LMI constraints.

Problem 3: At time k, measure the state x; and the
parameter vector 6, and solve the optimisation
problem

minimise Vi
Vie» Xio» Yoo Yoo » Yo Tijs Siy (1 521)

subject to
T 15b
|: 1 xk] >0, (15b)

X Xk
Li; > Ty, (15¢)
Lj+ Li > Ty+ T}, (15d)
[Tilyon =0, i€Znyn, j<i, (15e)
Fii,m = Sii,ma (ISf)
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Fijm + Fiim > Sijm + SL. (15g)

ij.m>

[Sim]yun= 0. i€Zyn. j<i (15h)
where L; and Fj;,, are as defined in Problem 2.

The MPC control law is defined by the following
algorithm.

Algorithm 1:

Step 1: At time k, measure the state x; and the
parameter vector 6, and solve Problem 3.

Step 2: Apply the control input
uy = K(Op)xk (16)

to the system (1), where K(6x) is the first part of the
optimal feedback sequence K(Ok k) = Zfil O sk Ki s
I<j,k = j’kX;l,fOI’ allje Z[])N] and VeZ[O,oo)~

Step 3: Set k:=k+1 and go to Step 1.

Theorem 2: Consider the LPV system (1) subject to
the constraints (3) and the cost functional (6). Problem 3,
which is solved repeatedly at each sampling instant k, has
the following properties:

(1) Problem 3 is convex. Furthermore, it is feasible
at all future sampling instant if it is feasible at
the initial time instant.

(2) The solution to Problem 3 minimises the upper
bound Vi = x]' Pyxi on cost functional (6) at
each sampling instant k, with P, = ka,:l.

(3) If Problem 3 is initially feasible, the control

law (16) asymptotically stabilises the origin of

system (1).
(4) The MPC control law (16) ensures that the
symmetric box constraints (3) are satisfied

for all k.

Remark 3.3: Algorithm 1 together with Problem 3
provides a closed-loop MPC scheme on Problem 1.
Similar to the scheme proposed in Kothare et al.
(1996), a feedback control law is adopted at each time
instant. However, the control law is parameter-
dependent rather than static.

Remark 3.4: It is worth pointing out that the
proposed MPC control law is less conservative than
those suggested in Kothare et al. (1996) and Casavola
et al. (2002). For example, one can see that the solution
to the optimisation problem in Kothare et al. (1996)
and Casavola et al. (2002) should satisfy the condition
L;; > 0for alli e Zy; yy. Thus, Problem 3 has a larger set
of feasible solutions compared with the optimisation
problems in either Casavola et al. (2002) or Kothare
et al. (1996).

In the following section, we propose an MPC
scheme for LPV systems subject to possibly asym-
metric constraints, which adopts the analogous frame-
work of a terminal control law, a terminal set and a
terminal penalty of quasi-infinite horizon MPC by
using already existing information.

4. MPC with prediction horizon ‘1’ for LPV systems

In this section, we propose an MPC scheme with
prediction horizon ‘1’ for LPV systems which has
possibly asymmetric constraints. Stability of the closed-
loop system and recursive feasibility of the related
optimisation problem can be guaranteed if the optimi-
sation problem is feasible at the initial time instant.
Furthermore, if the constraints are in a symmetric box,
the optimisation problem can be formulated as a convex
optimisation problem formulated via LMIs.

4.1 MPC of LPV systems with possibly asymmetric
constraints

We consider general constraints (2) in this subsection,
i.e. not necessarily symmetric box constraints. Given
o >0, define Xy as a neighbourhood of the origin

Xpi={x € R™|E(x) < o}. (17)

X, is a level set of the positive definite function
E(x):=x"Px, where P € R™" is a positive definite
matrix. Similar to quasi-infinite horizon nonlinear
MPC (Chen and Allgower 1998), the following
definition is needed to reformulate the infinite horizon
cost functional (6).

Definition 1: X,and E(x) are said to be the terminal
set and the terminal penalty function, respectively,
suppose that there exists a continuous local control law
u=m(x) such that

B0 X e X, where X is the projection of output space
‘H to the state space.

Bl ykGH for all xkEX/’,

B2 E(x) satisfies the inequality

E(xkpiv1) — E(xprs) + X 0Xpsi
+ 71(x1e4) " R (1) < 0, (18)
for all 6;4,€P and all x;y;€ Xy, i€ Z ).
According to Definition 1, X, has the following
properties:

(1) The origin is contained in the interior of X
since E(x) >0 for all x e XA\ {0},

(2) Xy is closed and connected since E(x) is
continuous in x,
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(3) Since (18) holds, X, is a robust positive
invariant set for the ‘unknown’ parameter of
the LPV system (1) controlled by u=m(x).

Remark 4.1: The terminal set in Chen and Allgower
(1998) is a neighbourhood of the equilibrium which
satisfies the constraints and is positive invariant. Here,
X 1s ‘robust’ positive invariant for all admissible but
‘unknown’ parameters.

Lemma 2: Following Definition 1, the terminal set Xy

and the terminal cost function E(x) are such that

E(Xp41/6)
o
= max >l O+ 7o) R )|
Ok+isk €P g

Jor all x e Xy.

Using Lemma 2, we approximate the infinite
horizon cost functional as a one-step ahead functional

Tk (i) = 5 OXipk + uf e Ruagsi + X[y e PXacjes
(19)
which is an upper bound of the cost functional
Jooji(Xisi). Therefore, Problem 1 for the current state

X, and the current parameter ) can be reformulated as
follows.

Problem 4: At time k, measure the state x;, and the
parameter vector 6,, and solve the optimisation
problem

minimise Ji (xk/k)
Uk

subject to

Xiev1/k = AOk)Xkk + BOUks  Xkjke = Xk
Ve = CO)Xk/k + DO gk,

Vi € H,

X1k € X,

where X, is the terminal set, x[, i PXi1/c 18 the
terminal penalty function, and Ji(xx) as in (19).

The MPC control law is defined as follows.
Algorithm 2

Step 1: At the sampling time k € Zjy o), measure
the state x, and the parameter vector 6, and
solve Problem 4.

Step 2:  Apply the control input
uy = argmin Jx(xg k) (20)
Uge/k

to the system (1).

Step 3: Set k=k+1 and go to Step 1.

A free control action uy . calculated online and a
fictitious control law m(-) calculated offline to deter-
mine P are needed in Problem 4, where u; . is not
necessarily equal to m(x;). However, only the free
control action uy is actually applied to the system.

Remark 4.2: Comparing Problem 4 with Problem 3,
where a control law K(6;) is calculated online and
applied to the system, the free control action uy
provides a degree of freedom which allows to deal with
asymmetric constraints, and possibly leads to better
performance.

Remark 4.3: If H is a convex set, then Problem 4
is a convex optimisation problem (Boyd and
Vandenberghe 2004).

Remark 4.4: If not only the parameter but also its
rate of variation are available online, the prediction
horizon in (19) can be chosen as N=2, i.c.

1
Ji(xi) == Z{xz+i/kak+i/k + UZJF,-/kRuk-H/k}
i=0
T "
+ Xjepo ik PXk42/k5

since Xi42c can also be calculated exactly at time k.

Remark 4.5: If the varying parameter 6(-) is a
function of the state x(-) and the control u(-), we can
choose the prediction horizon N arbitrarily large. In
this case, 0 can be determined by Xz jx and k.,
for all jG Z[0,1]~

According to the principle of moving horizon
strategy, Problem 4 can be solved repeatedly at each
time instant k& based on the measurements x; and 6y.
The following theorem investigates the properties of
the system (1) under the proposed MPC law.

Theorem 3: Suppose that

(a) for the LPV system (1), there exists a locally
asymptotically stabilising controller u=m(x),
a continuously differentiable, positive definite
function E(x)=x"Px that locally satisfies (18)
and a positive invariant set Xy defined by (17),

(b) Problem 4 is feasible at the initial time k=0.

Then,

(1) Problem 4 is feasible for all k € Zjy ),

(2) the system (1) under MPC control law (20)
according to Algorithm 2 is robustly asymptoti-
cally stable within the region of attraction D,
where D is the set of all states for which
Problem 4 has a feasible solution.
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4.2 Terminal set and terminal penalty function

In order to specify Problem 4, the terminal set X, as
well as the terminal penalty function x” Px which is an
upper bound on the infinite horizon cost functional has
to be chosen « priori. In what follows, we state LMI
conditions which can be used to determine the terminal
set associated with a time-invariant or a parameter-
varying terminal control law, while the constraints are
in a symmetric box.

Remark 4.6: For LPV systems with asymmetric
constraints, to the author’s best knowledge, there is
no systematic way to get an ellipsoidal terminal set
except for choosing tighter symmetric box constraints
within the asymmetric bounds.

First we present an LMI scheme to obtain the
terminal set of LPV systems, which has a fixed terminal
control law. The original theorem was proposed by
Chen, O’Reilly, and Ballance (2003), and is about the
terminal set of nonlinear systems described by linear
difference inclusions.

Lemma 3 (Chen et al. 2003, Static terminal control
law):  Suppose that the LPV system (1) is subject to
symmetric box constraints (3). If there exist a scalar
a >0, a positive definite matrix X € R™*"> and a non-
quadratic matrix Y € R"*"™ such that

X * * *
A,X+ B,Y X * *
o >0, (21a)
X 0 «aQ *
Y 0 0 aR™!

|:y12n,max eg;(CiX"f— D[Y)

) Y ] >0, me Z[l,m]a (Zlb)

with i € Zyy . then the ellipsoid Xy with P:=aX " and
E(x):=x" Px can serve as a terminal set and a terminal
penalty function, respectively. The associated terminal
controller is w(x):= YX 'x.

The above lemma yields a parameter-independent
terminal control law. The following lemma shows that
a less conservative result is obtained by using a
parameter-dependent terminal control law.

Lemma 4 (Parameter-dependent terminal control
law):  Suppose that the LPV system (1) is subject to
symmetric box constraints (3). If there exist a scalar
a >0, a positive definite matrix X € R™*"™ and matrices
Yy e Rv"™, T, and My, i, jeZy n) such that (15¢)-
(15h) are satisfied, then the ellipsoid X, with Pi=aX"'
and the function E(x):=x"Px serve as a terminal region
and a terminal penalty function for LPV system,
respectively. The associated terminal controller is
(x) == Zjlil 0;Kx with K;= Y, X~

Remark 4.7: In order to obtain the feasible region of
Problem 4 as large as possible, one can solve the offline
optimisation problem

maximise (det Xy, s.t. (21) holds,

or

maximise (det X)i, s.t. (15¢)—(15h) hold,

@, X, Y1, Y, Yy
respectively, where o >0 and X>0, to get the fixed
terminal control law or the parameter-dependent
terminal control law. Both optimisation problems are
convex and can be solved by standard LMI solvers
(Boyd, El Ghaoui, Feron, and Balakishnan 1994).

4.3 MPC of LPV systems with symmetric
box constraints

In this subsection, we choose the matrix P as a new
online optimisation variable and convert Problem 4
into a convex optimisation problem with LMIs. In
other words, the terminal control law, the terminal set
and the terminal penalty function are determined
online as well.

Minimisation of x/, Oxp + uf ; Rugji + x|
Pxjq1 with P> 0 is equivalent to

minimise «,
o, i, P

subject to
ka/kak/k + ukT/kRuk/k + XkTH/kPXkH/k <a,

with a>0. By the Schur complement, this is
equivalent to

minimise o,
o, uk/k,X
subject to
1 * * *
Xk/k a7t x >0,
Uk /k 0 R x| T
AO) Xk + BO gy 0 0 X
(22)

with X:=aP~' and @>0. Due to ka+1/1¢ka+1//< <a,
which follows from (22), Problem 4 with parameter-
dependent terminal control law is formulated as
follows.

Problem 5: At time k, measure the state x; and solve
the optimisation problem

minimise o,
o, Ui, Xy Y1, Yapoos Yy
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subject to

X1k = AOr) Xk + BOO Uk, Xk = Xk,
Yk = CO)Xk/k + DOr)uge/c,

= Ymmax = Viksk < Ymmaxs VM € Zjip)
(15¢)—(15h), (22),

with o >0 and X > 0.
The MPC control law is defined as follows.
Algorithm 3:

Step 1: At the sampling time k € Zjy o), measure the
state x; and solve Problem 5.

Step 2: Apply the control input

Uj "= Uk/k (23)

to the system (1), where uy . is the feasible solution to
Problem 5.

Step 3: Set k=k+ 1 and go to Step 1.

Theorem 4: Assume that Problem 5 is feasible at the
initial time instant. Then, the MPC scheme according to
Algorithm 3 guarantees that

(1) Problem 5 is feasible for all k>0,

(2) the symmetric box constraints (3) are satisfied
for all time instants,

(3) the MPC control law asymptotically stabilises
the LPV system (1).

Remark 4.8: If Y=Y,=-..=Y,, then Problem 5
with a parameter-dependent terminal control law will
degenerate into a problem with a fixed terminal control
law, which has been proposed in Lu and Arkun (2000
and Park et al. (1999). In this sense, the parameter-
dependent terminal control law here provides an extra
degree of freedom in Problem 5, which promises a
larger feasible region and a better performance,
however, at the cost of heavy computational burden.

5. Numerical example
5.1 Example 1

We consider the two-mass-spring system (Kothare
et al. 1996), as shown in Figure 1. The discrete time
state space equation, which is obtained from the
continuous time model using a first-order Euler

- x, f—» x,
u K
— | m _l\/\/\/\/_ ",

o o o o

Figure 1. Coupled spring-mass system.

approximation with sample time of §=0.1s, is

B 0 0.1 0 7
Hlkt! 0 1 0 0.1 ||
Xkt | ) Odpe o 0.dpy 1 0 X2,k
X3 je+1 mj mj X3k
X4 Je+1 0.l 0.1pk 0 1 X4
L m my .
0
0
+] 01 |u. (24)
m
0

where m; and m, are the two masses and py is the
spring constant at the time instant k. The positions of
the masses are represented by the states x; , and xp,
whereas x;; and x4, describe their velocities. In this
example, we choose masses m;=1 and m,=1, and
consider the output y,:=x,4— X1, The spring con-
stant is assumed to be a time-varying function

wi = 0.5+ 50y7.

Due to the physical limitation of the system, we assume
that an output constraint |y(k)| <0.5 is imposed. Thus,
it can be verified that u; €[0.5, 13].

Introducing the parameters 6, = 1 —’”15_2‘5 and
04, =1—061,, the system (24) can be written in the
form of (5), that is, the parameters 6;,, i=1, 2, satisfy
condition (4) and the matrices 4; and B;= B, i€ Z} »,
are as follows:

1 0 0.1 0
0 1 0 0.1
A= .
—-0.05 0.05 1 0
L 0.05 —=0.05 0 1
1 0 0.1 O 0
0 1 0 0.1 0
A2 = S B =
-13 1.3 1 0 0.1
L 1.3 =13 0 1 0

The control objective is to steer the example
system (24) from an initial condition to the origin
while satisfying the constraints |u| <1 and [yp(k)| <0.5
for all k. In the example, the matrices of the infinite
horizon cost functional (6) are chosen as Q =1 R***
and R=1. The MPC with prediction horizon ‘1’ of
LPV systems with symmetric box constraints proposed
in Section 4.2 is adopted. We compare our results with
the approaches suggested by Lu and Arkun (2000) and
Kothare et al. (1996), in order to illustrate the reduced
conservativeness and the improved performance.



Downloaded by [Shuyou Yu] at 04:44 12 December 2012

International Journal of Control 679

BOOE oo

200 300 400
k

Figure 2. Comparison of the evolution of states and the
performance, MPC with prediction horizon ‘1’ for
LPV system (solid line) versus the controllers of Kothare
et al. (1996) (dash-dot line) and Lu and Arkun (2000) (dashed
line) for the system (24) and setup, from the initial state
xo=[1100]".

Figures 2 and 3 show the obtained simulation
results for the closed-loop behaviour from the initial
state xo=[1 1 0 0]”. Compared with the approaches in
Kothare et al. (1996) and Lu and Arkun (2000), the
proposed MPC control law which solves Problem 5
online steers the state of the example system faster to
the origin. The behaviour of the states x;; and x,y
shows that the novel controller is able to react more
efficiently on the varying parameters 6; ; and 6, . This
results from the parameter-dependent feedback control
law and from the less conservative LMI conditions in
the optimisation problem. The reduced conservative-
ness of the parameter-dependent control law is also

Figure 3. Comparison of both the output and the input
constraints, MPC with prediction horizon ‘1’ for LPV system
(solid line) versus the controllers of Kothare et al. 1996
(dash-dot line) and Lu and Arkun 2000 (dashed line) for the
system (24) and setup, from the initial state xo=[1 1 0 0]”.

illustrated well by the behaviour of J9 which represents
the minimised upper bound on the worst-case cost
functional. Figure 2 clearly shows that, with the
parameter-dependent control law a smaller upper
bound can be calculated at each sampling instant k.
Figure 3 shows that both the input and the output
constraints considered in this example are satisfied.
Note that in identifying the differences, we only display
the first few control inputs.

5.2 Example 2

Consider the time-varying discrete-time nonlinear
system

2
X1 k1 = 0.5x7, + uy,

X2 jt] = (0.5 + sinz(k)/3)x1,k + X2k + Uy,

with the asymmetric input constraint —1.0 <u; <0.5
and the state constraints —1 <x; <1 and —1<x,<1.
The control objective is to steer the system from the
initial state to the equilibrium while satisfying the
constraints. It is possible to embed the nonlinear
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20

10 15 20
k

Figure 4. Exemplary time profiles for the closed-loop system
from xo=[1 1]7 related to Problem 4 for the control problem
in Example 2.

system into the prescribed polytope (Boyd et al. 1994)
/2 0 1 /2 0 1
Co ) >
/2 1 1 56 1 1
-1/2 0 1 -1/2 0 1
12 1 11156 1 1]|
Thus, we can use the proposed MPC scheme according
to Algorithm 2. We choose the weighting matrices as
0=IcR>? and R=1, respectively. As discussed in
Remark 4.3, Problem 4 is a convex optimisation
problem since the input and state constraint sets are

convex. To solve the problem, we used CVX,
a package for specifying and solving convex

optimisation problem (Grant and Boyd 2008, 2009).
Figure 4 shows the state and input trajectory for the
system starting from the initial state xo =[1 1]7, and the
optimal performance of Problem 4. For the example
system, it is observed that the proposed method
achieves good performance as well as constraints
satisfaction.

We emphasise that there is no feasible solution to
the example if the algorithms proposed in Kothare
et al. (1996) and Lu and Arkun (2000) are used, where
only symmetric box constraints are considered. If we
use these approaches to deal with asymmetric con-
straints, tighter constraints have to be chosen which
leads to a smaller feasible set.

6. Summary

In this article, we considered MPC of LPV systems
where the time-varying parameter can be measured in
real-time and exploited for feedback. We emphasise
here that LPV systems are a class of uncertain and
time-varying linear systems since the system dynamic
at the current time is known and the future system
dynamics vary in a pre-specified set. We first presented
a closed-loop MPC scheme of constrained LPV
systems with symmetric box constraints. The proposed
method is based on a parameter-dependent control law
which is obtained via the repeated solution of a semi-
definite program with respect to LIMs. Closed-loop
stability is guaranteed by the feasibility of the LMIs at
the initial time instant. Compared with existing
algorithms with a static linear control law, the
proposed scheme reduces conservativeness and
improves performance.

We further proposed an MPC scheme of LPV
systems subject to possibly asymmetric constraints,
which adopted the analogous framework of a terminal
control law, a terminal set and a terminal penalty
function of quasi-infinite horizon nonlinear MPC. The
optimisation problem was formulated as a convex
optimisation problem. It has been shown that recursive
feasibility and closed-loop stability are guaranteed by
the feasibility of the convex optimisation problem at
the initial time instant. For LPV systems with
symmetric box constraints, we reduced the convex
optimisation problem to a semi-definite program.
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Appendix

Proof of Theorem 1: The proof is divided into three parts in
order to show separately that the properties (1)—(3) hold.

(1) Multiplying (10c) from left and right with

diag{X; ', 1.1} and substituting Pr =X,
Kix = Y;x X!, we obtain that
)/,:IP/‘» * * *
Ac/(9k|+v\k) P o x L
(0 0 vil %

RKO) 0 0wl

holds for all 6;,x € P, v € Zjy, ). By the Schur complement,
this is equivalent to

A(:T[(Q/(Jrv\k)PkAc/(9k+v\k) — P+ Q + K(9k+L'\/c)TRK(9k+v\k) <0.
(25)
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Multiplying (25) from both sides with x,z;v‘k and  Xgqy ks
respectively, plugging into the system dynamics (1) and
using (11), it follows that the inequality
A Lo P
Kyt 1 Ll Xk 11k — Xy o Lk Xhevlk
+ X/Z+v\kak+v\k + ”{MkR”kﬂlk =0 (26)
is satisfied for all veZjy o). Since Q>0 and R >0, clearly
Vietwe = kaM «PiXivi 1s a Lyapunov function and therefore
the predicted states x;.,x converge to zero as v — oo.

(2) Since lim,_, coXj 4y =0, by summing up (26) from
v=0 to v=o00, we obtain

0
T T T
xk\kpkxk\k = g [«\k_,.v\kak-#v\k + 141(+V\1(Ruk+v|k]~ 27)
=0

Since this inequality is satisfied for all Ox 1, € P, v € Zjy ),
with xg = xi it follows that

T
Vk = X/\»kak = Joo\k(xk)-

Thus, V} is an upper bound on the cost functional (6) at the
sampling instant k. Applying the Schur complement to (10b)
and substituting Py = ka,j‘, we conclude that

X[ Pixi = Vi < v (28)

holds. Thus, minimising y, implies the minimisation of ¥
(see also Kothare et al. (1996) for details).

(3) The predicted states and inputs satisfy
constraints (3) if

Xk Cl Ok piemen CerOr i) Xk 1k < Vopmaxs M € Ziings
(29)

holds for all 0.y, € P and all v € Zj; .. It follows from (26)
and (28) that

x,z.-+vlkpkxk+v‘k <V, YVEZpu). (30)
Thus, inequality (29) is satisfied if

T T T T
xk+v|kCC»[(9k+v|k)ememCcl(9k+v|k)xk+v|k _ xk+‘y\kpkxk+v|k <

<0
Vimax Ve
31)
holds, which is clearly the case if
Pe  CTOrr)emel CoBrsy
Pr CoOkrvp)emey CeiOrvik) S0, meZu,,  (32)

2
Yk V m,max

holds for all 6y, € P and all v € Z|y ). Using the definition
of Cei(6k4vix), With standard modifications we obtain (10d).
Thus, satisfaction of the matrix inequalities (10d) implies
that (29) holds, and therefore, the constraints (3) are satisfied
for all ve Z[()w 00)-

Proof of Theorem 2: The proof is divided into four parts in
order to show separately that the properties (1)—(4) hold.

(1) It is trivial to show that Problem 3 is convex since
the conditions (15b)—(15h) are LMI conditions. By applying
Lemma 1 to the LMIs (15¢)—(15h) it can be shown that the
solution to Problem 3 at the sampling instant k is a feasible
solution to Problem 2. Thus, it follows from (26) that

T T
X1 Pk < Xpu PreXieje (33)

is satisfied for all k. The first part of the input sequence
Ugepvie = K(Opv11) Xicqvii> V € Zjo, ), Obtained at the sampling
instant k& is applied to the system, ie. =
K(Op)xi = KOp) Xk = upe.  Furthermore, no model plant
mismatch is present, i.e. Xgijx=Xgs1. Thus, it follows
from (33) that

T T
Xyt PrXeq1 < X Prxyc (34)

holds for all k. This implies that the solution to Problem 3 at
the sampling instant k satisfies the LMIs (15b)—(15h) at the
sampling instant k + 1, and therefore is a feasible solution to
Problem 3 at the sampling instant k+ 1. It follows by
induction that initial feasibility implies feasibility at all future
sampling instants.

(2) This property follows directly from the proof of
Theorem 1.

(3) It follows that the feedback law K(6;) and the matrix
P, can be calculated at each sampling instant k if Problem 3
is feasible at the first sampling instant. Thus, the expression
Vi = xZJr,PkakH is minimised at the sampling instant
k+ 1. Since Py is a feasible, however suboptimal solution to
Problem 3 at k+ 1, with (34) it follows that

T T T
X1 Prr1 X1 < Xjyy PrXaepr < Xxp Prxy

holds for all k. Clearly, Vi = x[kak is a candidate
Lyapunov function and continuous at the origin. Thus, the
system (1) is asymptotically stabilised by the control law (16)
(Mayne et al. 2000; Rawlings and Mayne 2009).

(4) It follows from the proof of Theorem 1 that at each
sampling instant k the predicted state and input trajectories
Xpepoie and wyey e satisfy constraints (3) for all v € Zj ). Since
Uy =ty and Xy, = Xg1, this clearly implies satisfaction of
constraints (3) for all k.

Proof of Lemma 2: Summing up the inequality (18) from
i=1 to oo, yields

E(xoo/k) - E(~’C/(+l/1\’)
00

T
= = max Y {al O + Toeai)” ReCosin) |-
ki i—1

(35
Since Q >0 and R > 0, it follows from (18) that

E(krivi i) — EGaign) < —Amin( DXt Vi € Zjo oo,
(36)
where Amin(Q) is the smallest eigenvalue of the positive
matrix Q. Thus, E(-) is monotonically decreasing.

Since E(x) >0 for any xe A’y and E() is monotonically
decreasing, there exists a scalar C>0 such that
lim;_, oo E(x i) = C. Then, for any e€>0, there exists a
Ne€Z ) such that for all i=N, |E(xgyin)— Cl <5
Consider any adjacent states in the sequence while i > N,

| ECokrize) — Eiv i) = 1EQeigr) — C — E(Xpqiv1yi) + Cl
< Ekrizn) — Cl + | E(xgpiv1yx — C
=e.

Together with (36), we have

Amin( Q) Xk I* < EQririge) — EQiyiziyn) < € Vi € Ziy o).

That  is,  lim;.xx=0.  Since  E(x)=x"Px,
lim;, oo E(xyix) =0. Plugging this into (35) proves the
lemma.
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Proof of Theorem 3: In what follows, u} and Jﬁ(xk /) denote
the optimal solution and the optimal cost functional of
Problem 4 solved at the sampling time instant k. xp .,
denotes the optimal predicted evolution of the system at the
time instant k, that is, x,’f,H/k = AOK)xi/k + B(@k)u,’j/k.

(1) By assumption, there are no disturbances and model
mismatch, therefore the state measurement at time k+1 is
X4l = X4y In virtue of Problem 4, xi,, €A, ie.
X1 € Xy It follows from Definition 1 that u = m(x41)
is a feasible solution to Problem 4 at time instant & + 1 for all
Xi+1 € Xf:

(2) Considering the feasible solution obtained at the
time instant &+ 1, we have

Jk+l(xk+1/k+l)
= X1 ket Xk 1kt U ey itk e
+ X0 et Pkt /i1
= Jksk) = X QXusk — wy Rutg e + X oyt PXkg2 kst

T T T,
— Xjp PXrg1 + Xy OXiq1 + 707 (Xpep 1) RT(Xgep 1),

with Xy = Xeq 11 =Xap1 and gy =7(Xeq). In
virtue of (18), this implies that

T (k1) < Tt (kragest) < JUks) — XiOxp — uf” Ruif.
(37

Due to Q>0 and R > 0, and the nonincreasing evolution of
the optimal cost functional, we infer that limy_, ,,x(k)=0.
Furthermore, x=0 is asymptotically stable due to the
continuity of the optimal value functional J9 in x at 0 (see
also Mayne et al. (2000) and Rawlings and Mayne (2009)).

Simple proof of Lemma 4: The inequalities (15¢)—(15h)
guarantee that the LPV system (1) satisfies inequality (18)
and constraints (3), respectively.

Simple proof of Theorem 6: Ler {o*,u}, X*, Y1, Y5, .., Y}
denote the solution of Problem 5, associated with the minimum
cost ax, at the time instant k. We know from Theorem 3 that
{o*, KixXpq1yn, X*, Y7, Y3, ..., Yy ) is a feasible solution for the
state Xy at the time instant k+1, where Kj = ZfV:l@,;k
Y,*-‘(X*)_l. The proof of asymptotic stability and constraints
satisfaction can be completed along the lines of the proof of
Theorem 3.



